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$\{\begin{array}{ll}x’’(t)+\lambda x(t)f(x(t))=0, 0<t<1,x(0)=x(1)=0 \end{array}$ (1.1)
. (Crandall-Rabinowitz [1], Rabinowitz[9] )
, $f(x)$ $0$ $f(0)\neq 0$ , (1.1)
$(\lambda,x(t))$ ( ) $\{(\lambda,0):\lambda\in R\}$ , $(\lambda_{n},0)$
. , $\lambda_{n}=\frac{(n\pi)^{2}}{f(0)}$ , (1.1)
$\{\begin{array}{ll}x’’(t)+\lambda x(t)f(0)=0, 0<t<1,x(0)=x(1)=0 \end{array}$
.
$f(x)$ $R$ , (1.1) $(\lambda,x)$ $x(t)$ $(0,1)$
$n-1$ $S_{n}$ . $S_{n}$ (
22 ). , $S_{n}$ $R\cross C_{BC}^{1}(0,1)$ –Sn $(\lambda_{n},0)$
( ) (1.1) $n$ .
, $C_{BC}^{1}(0,1)$ $x(0)=x(1)=0$ [0,1] $C^{1}$
. (1.1) Sturm-Liouville , $n=1,2,$ $\cdots$ $n$
(Rabinowitz [9, 10]) ).
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, $I$ $0$ , $x\in I$ $f(x)>0$




$\lambda$ $\lambda>0$ . , $x(t)$ $t= \frac{1}{2}$
( / $\backslash$ { ) $h\in I\backslash \{0\}$ , $0 \leq t\leq\frac{1}{2}$
$t(x);= \pm\int_{0}^{x}\frac{d\xi}{\sqrt{2\lambda\int_{\xi}^{h}rf(r)dr}}$ , $|x|\leq h$ (1.2)
$]\grave$ $x=x(t)$ . , . $\frac{1}{2}\leq t\leq 1$
$t= \frac{1}{2}\ovalbox{\tt\small REJECT}$ $x=x(t;h)$ , $(\lambda,x(t))\in S_{1}^{I}$ ,
$x(t)=x(t;h),$ $h\in I\backslash \{0\}$ . , $x( \frac{1}{2};h)=h$ , $x(t;h)$ $\lambda$ $F$
$\lambda(h)=2(\int_{0}^{1}\frac{dt}{\sqrt{\int_{t}^{1}sf(hs)ds}}I^{2}\cdot$ (1.3)
$\lambda$ ( ) $\lambda=\lambda$( ) . $\lambda$ ( ) $I$
, $0$ $\lambda(0)=\frac{\pi^{2}}{f(0)}$ . , $I$ $f>0$ , $S_{1}$ $I$ $S_{1}^{I}$
$|$ $h$ $S_{1}^{I}=\{(\lambda(h),x(t;h)):h\in I\backslash \{0\}\}$ .
f} (1.3) $\lambda$ $\mathcal{B}$ :
$\mathcal{B}:f(x)\mapsto\lambda(h)$ , $( \mathcal{B}f)(h)=2(\int_{0}^{1}\frac{dt}{\sqrt{\int_{t}^{1}sf(hs)ds}}I^{2}\cdot$ (1.4)
$f$ $S_{1}^{I}$
$\dagger$
$R_{+}\cross I$ $\Gamma$ $:=$ $\{(\lambda($ $), h):h\in I\}$
, $\mathcal{B}$ Figurel .
, $\mathcal{B}^{-1}$ , :
11
(i) ( ) $I$ $\lambda$ $\mathcal{B}f=\lambda$ $I$ $f$
?
(ii) ( ) $\lambda$ ?
(iii) ( ) $f$ $\lambda$ ?
(iv) ( ) $f$ $\lambda$ ?




1.1 , , $\mathcal{B}$ $\mathcal{B}^{-1}$ $\mathcal{B}$ ; $Xarrow Y$
. $\lambda$ ( ) (1.3) $\dagger$ Fractional Calculus ([11],
[7] ) , $\mathcal{B}$ $\frac{1}{2}$ (smoothing property)
. , H\"older $C^{k_{1}\alpha}arrow C^{k,\alpha+\frac{1}{2}}$ $Xarrow Y$
. , $h=0$ $hf’(h)\sim|h|^{\eta}$ $(\eta>0)$ $h\lambda’(h)\sim|h|^{\eta}$
, $\mathcal{B}$ . , $\phi(h):=f(h)-f(0)$
,
$\frac{|\phi(h)|}{|h|\eta}\leq\exists M$, $\frac{|h\phi’(h)|}{|h|\eta}\leq$ $M$, $|h|^{\alpha} \frac{h\phi’(h)}{|h|\eta}\in C^{0,\alpha}$
$I$ $\phi\in C^{1}(I\backslash \{0\})$ $C^{1,\alpha}(I)$ .
$C^{1,\alpha}(I)_{\eta}:=\{$ $h\phi’(h)\in C(I)$ : $||\phi||_{1,\alpha_{2}\eta}$ $:= \sup_{h\in I\backslash \{0\}}\frac{|\phi(h)|}{|h|\eta}+$ (2.1)
$\sup_{h\in I\backslash \{0\}}\frac{|h\phi’(h)|}{|h|\eta}+\sup_{h_{1}k\in I\backslash \{0\},h\neq k}\frac{||h|^{\alpha-\eta}h\phi^{f}(h)-|k|^{\alpha-\eta}k\phi’(k)|}{|h-k|^{\alpha}}<\infty\}$
. $C^{1,\alpha}(I)_{\eta}$ $||\phi||$ Banach .
, $h=0$ $1+\alpha$ $H\ddot{o}$lder $C^{1,\alpha}(I)$
. , $\lambda$( )– $\lambda$(0) $\alpha$ $\alpha+\underline{1}$
. $f$ $\lambda$ $C^{1,\alpha}(I)_{\eta}2$




, $\alpha$ $\alpha+\frac{1}{2}$ $\mathcal{M}^{1,\alpha+\frac{1}{2}}(I)_{\eta}$ . , , $C_{+}(I)$ $I$
. , $\mathcal{M}^{1,\alpha}(I)_{\eta}$
$d(f,g):=|f(0)-g(0)|+||(f(x)-f(0))-(g(x)-g(0))||_{1,\alpha,\eta}$
. $\mathcal{M}^{1,\alpha}(I)_{\eta}$ , $h=0$ $f(h)-f(O)\sim|h|^{\eta}(\eta>0)$ order
f( ) , $\lambda=\lambda$( ) $h=0$
$\lambda(h)-\lambda(O)\sim|h|^{\eta}$ order .
, 11 , :
2.1 ([8]) $\alpha,$ $\eta$ $0< \eta\leq\alpha<\frac{1}{2}$ , $\mathcal{B}$ $\mathcal{M}^{1,\alpha}(I)_{\eta}$
$\mathcal{M}^{1,\alpha+\frac{1}{2}}(I)_{\eta}$ (homeomorphism) \dagger .
2.1 , [8] , .
$\lambda(h)\in \mathcal{M}^{1,\alpha+\frac{1}{2}}(I)_{\eta}$ (13) $f\in \mathcal{M}^{1,\alpha}(I)_{\eta}$
( 1.1 (i) ) , , (1) $h=0$
, (2) $\lambda$ ( ) $C^{1,\alpha+\frac{1}{2}}$ H\"older , $h=0$
$C^{1,\alpha}$ H\"older
2 . , (1) Iwasaki-Kamimura[3, 4]
Wiener-Hopf . ,
(2) Kamimura[6] Fractional Calculus ([7, 3 ]
$)$ . , $\lambda$ ( ) $h\neq 0$ $C^{1}$
. , (2.1) h$\phi$’( ) $\phi$( )
$\dagger\dagger$
$C^{0,\alpha}(I)_{\eta}$ $\mathcal{M}^{0,\alpha}(I)_{\eta}$
$\mathcal{B}$ : $\mathcal{M}^{0,\alpha}(I)_{\eta}arrow \mathcal{M}^{0,\alpha+\frac{1}{2}}(I)_{\eta}$
, onto . , (2) . ,
, 1.1 (iv) .
2.1 .
22 $I=[0, B],$ $0<B< \frac{2}{3}$ , $[0, B]$ $\lambda$ ( )
$\lambda(h):=\frac{2}{\sqrt{(1-h)(1+3h)}}\cross$
$(F(\sin^{-1}\sqrt{\frac{2\sqrt{(1-h)(1+3h)}}{3(1-h)+\sqrt{(1-h)(1+3h)}}},$ $\sqrt{\frac{3h-1+\sqrt{(1-h)(1+3h)}}{2\sqrt{(1-h)(1+3h)}}}))^{2}$
. , $F(\phi, k)$ 1 ( )
$F( \phi, k)=\int_{0}^{\phi}\frac{d\varphi}{\sqrt{1-k^{2}\sin^{2}\varphi}}$ , $- \frac{\pi}{2}<\phi<\frac{\pi}{2}$ , $0\leq k^{2}<1$
\dagger --f‘t$B$ : $\mathcal{M}^{1,\alpha}(I)_{\eta}arrow \mathcal{M}^{1,\alpha+\}}(I)_{\eta}$ , 1 1 onto , $\mathcal{B}$ $B^{-1}$ $d(f, g)$
.
$\dagger\uparrow k\phi’(k)$ $\phi(k)$ .
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. , $\lambda$ ( ) $[0, \frac{2}{3})$ $C^{2}$ , $0<\eta\leq$
$\alpha<\frac{1}{2}$
$\alpha,$ $\eta$ , $\lambda\in \mathcal{M}^{\alpha+\frac{1}{2}}(I)_{\eta}$ . , 2.1
$\mathcal{B}f=\lambda$ $f\in \mathcal{M}^{\alpha+\frac{1}{2}}(I)_{\eta}$ 1 . ,
$(\mathcal{B}^{-1}\lambda)(x)=4(2-3x)$ , $0\leq x\leq B$










$k^{2}:= \frac{1-a_{-}}{a_{+}-a_{-}}=\frac{3h-1+\sqrt{(1-h)(1+3h)}}{2\sqrt{(1-h)(1+3h)}}$ , (2.3)
$a>b>x>c$
$\int_{x}^{1}\frac{dt}{\sqrt{(a-t)(b-t)(t-c)}}=\frac{2}{\sqrt{a-c}}F(\sin^{-1}\sqrt{\frac{(a-c)(b-x)}{(b-c)(a-x)}},$ $\sqrt{\frac{b-c}{a-c}})$




. , , sn$(w, k)$ (2.3) $k$ Jacobi
sn . , $\lambda$ ,
$x(t;h)$ .
Figure2 . $\lambda$ ( )
$h arrow\frac{2}{3}$ $\lambda(h)arrow\infty$ , $f$ $h arrow\frac{2}{3}$ . $f$ $h= \frac{2}{3}$
$C^{1,\alpha}$ 2.1 .
, $f$ $h= \frac{2}{3}$ $C^{1,\alpha}$ , $\mathcal{B}$ $\lambda=\mathcal{B}f$




$f(x)$ $x\geq$ I , $x \geq\frac{2}{3}$ $f$
. ,
$\lambda(h)$ $f=\mathcal{B}^{-1}\lambda$ $x \geq\frac{2}{3}$ $4(2-3x)$ $f$ (1.1)





$( \frac{-h+\sqrt{h(3h-2)}}{h+\sqrt{h(3h-2)}}),$ $k_{*}))^{2}$ ,
$x_{*}(t;h):=h+ \sqrt{h(3h-2)}-\frac{2\sqrt{h(3h-2)}}{cn((2t-1)\sqrt{-2\lambda_{*}(h)\sqrt{h(3h-2)}},k_{*})+1}$
, $0\leq t\leq 1$
$\dagger_{R\cross C_{BC}^{1}(0,1)\ovalbox{\tt\small REJECT}^{}}$.
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$\{(\lambda*($ $), x_{*}(t;h)), h>1\}$ 1
\dagger . , , cn$(w, k_{*})$ $k_{*}$ Jacobi
cn .
$k_{*}:=\sqrt{\frac{3h-1+2\sqrt{h(3h-2)}}{4\sqrt{h(3h-2)}}}$.






, $f=\mathcal{B}^{-1}\lambda$ $f(x)=4(2-3x)$ (1.1)
$S_{1}^{+}$ 2 $\{(\lambda(h), x(t;h)):0<h<\frac{2}{3}\}$ $\{(\lambda_{*}(h),$ $x_{*}(t;h)$ : $h>1\}$
. Figure3 . , $f<0$ $S_{1}$ $R^{2}$
$f$ 1 .
Figure 3: $f(u)=4(2-3u)$
$\dagger_{f}$ . , $|h|<\pi$ $\lambda$ ( ) $:=$
$(K( \sin\frac{h}{2}))^{2}$ $f=\mathcal{B}^{-1}\lambda$ $f(x)=4 \frac{\sin x}{x},$ $|x|<\pi$ , $f$ $R$
$S_{1}$ $\{(\lambda(h),$ $x(t;h))\}$ . , $x(t;h):=2 \sin^{-1}(\sin\frac{h}{2} sn(2K(\sin\frac{h}{2})t, \sin\frac{h}{2}))$.
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3
, 2.1 . ,
$\lambda=\lambda(h)\in \mathcal{M}^{1,\alpha+\frac{1}{2}}(I)_{\eta}$ $\lambda$ $\mathcal{B}^{-1}\lambda$ 1
. $I=[0, B],$ $B>0$ .
, $F(x):= \int_{0}^{x}$ $\xi$f $(\xi$ $)$ , $0\leq x\leq B$ , $\mathcal{B}f=\lambda$ $F$
$\int_{0}^{h}\frac{d\xi}{\sqrt{F(h)-F(\xi)}}=\sqrt{\frac{1}{2}\lambda(h)}$ , $0\leq h\leq B$ (3.1)
. $f>0$ $F(x)$ ($x=0$ )
, , $y=F(x)$ $x=G(y)$ $(G(y)$ $0\leq y\leq F(B)=$
$\int_{0}^{B}vf(v)dv)$ . , (3.1) $\eta=F(\xi)$
$\int_{0}^{F(h)}\frac{G’(\eta)}{\sqrt{F(h)-\eta}}d\eta=\sqrt{\frac{1}{2}\lambda(h)}$ , $0\leq h\leq B$
. , $y=F(h)$
$\int_{0}^{y}\frac{G’(\eta)}{\sqrt{y-\eta}}d\eta=\sqrt{\frac{1}{2}\lambda(G(y))}$ , $0\leq y\leq C$ (3.2)
. , $C:=F(B)$ . $xarrow 0$ $F(x)\sim$ $\cross x^{2}$
, $yarrow 0$ , $G(y)\sim$ $\cross\sqrt{y}$ .
, $C>0$ , $(0, C]$ ($y=0$ )
$x=G(y)$ $yarrow 0$ , $G(y)\sim$ $\cross\sqrt{y}$ $G(y)$ $\lambda(h)$
(3.2) , $x=G(y)$ $F(x)$ $(F(x)$ $0\leq x\leq B=G(C))$
(3.1) , , $f(x);=F’(x)/x$ $\mathcal{B}f=\lambda$ . , $f=\mathcal{B}^{-1}\lambda$
\dagger .





\dagger \dagger , $\int_{0}^{y}G’(\eta)d\eta$ , $G(O)=0$
$G(y)- \frac{1}{\pi}\int_{0}^{y}\frac{G(z)}{\sqrt{y-z}}dz=\frac{2}{\pi}\sqrt{y}$ $($3.4 $)$
$\dagger_{f(G(y))=(G(y)G’(y))^{-1}}$ . , (11) $xf(x)$ $F’(x)$ .
\dagger \dagger Abel ( [7, 1 ] ) , $\frac{1}{2}$
.
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. 2 Volterra , $K$
$(K \varphi)(y)=\frac{1}{\pi}\int_{0}^{y}\frac{\varphi(z)}{\sqrt{y-z}}dz$
, $G(y)= \sum_{n=0}^{\infty}K^{n}(\frac{2}{\pi}\sqrt{y})$ \dagger . $K^{n}$




$\dagger f$ . , Kummer
$1F_{1}(1, \frac{3}{2};z)=\sum_{j=0}^{\infty}\frac{1}{(2j+1)!!}(2z)^{j}=\frac{1}{2}e^{z}\sqrt{\frac{\pi}{z}}$Erf $\sqrt{z}$ $( Erfz=\frac{2}{\sqrt{\pi}}\int_{0}^{z}e^{-t^{2}}dt)$
$G(y)=e^{f} \pi-1+\frac{2}{\pi}\sqrt{y}1F_{1}(1, \frac{3}{2};_{\pi}^{g})=e^{A}\pi(1+$Erf $fl_{\pi})-1$
. $G(y)$ $C>0$ $[0, C]$ $G(y) \sim\frac{2}{\pi}(yarrow 0)$
.
$w=e^{z}(1+ \frac{1}{\sqrt{\pi}}\int_{0}^{z}\frac{e^{-s}}{\sqrt{s}}ds)$
$z=\ell(y)$ $F(x)=\pi\ell(x+1)$ $G$ . , $f(x)=$
$F^{f}(x)/x$ $B>0$ $f\in \mathcal{M}^{1,\alpha}[0,$ $B]_{I}$ . $f=\mathcal{B}^{-1}\lambda$
. $f$ $\{((G(y)G^{f}(y))^{-1}, G(y)):0\leq y\leq C\}$ .
Figure4 .
, $f$ $xf(x)$ $T$ $A$ 1 $T=2(A+1)$
.
$\dagger$ [7, 2 ] .
$\dagger\uparrow B(\cdot,$ $\cdot)$ Beta
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Figure 4: $\lambda(h)=2(h+1)^{2}$ .
32 $\lambda$ $\lambda=$ $\lambda$ ( ) $=2(2- \frac{1-h}{}2,$ $(0\leq h<1)$ . ,
(3.2)
$\int_{0}^{y}\frac{G^{f}(\eta)}{\sqrt{y-\eta}}d\eta=2-\sqrt{1-G(y)}$
. $0\leq y\leq C$ $0\leq G(y)\leq 1$ , $G(y)$






33 (3.5) $[0, \exists y_{*}](y_{*}>0)$ $0\leq H(y)\leq 1$
1 . $H(y)$
$H_{0}(y)=1$ ,
$H_{n}(y)=( \frac{1}{\pi}\int_{0}^{y}\frac{H_{n-l}(z)}{\sqrt{y-z}}dz+1-\frac{4}{\pi}\sqrt{y})^{1/2}$ , $n=1,2,$ $\cdots$ (3.6)
$\{H_{n}(y)\}$ , $(0,y_{*})$ $H’(y)<0$
.
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$H(y)$ $\tilde{H}(y)$ $[0, y_{*})$ (3.5) ,
$\tilde{H}(y)^{2}-H(y)^{2}=\frac{1}{\pi}\int_{0}^{y}\frac{\tilde{H}(z)-H(z)}{\sqrt{y-z}}dz\leq 0$ , $0\leq y<y_{*}$
. , $\tilde{H}(y),$ $H(y)\geq m>0$
$2m| \tilde{H}(y)-H(y)|\leq\int_{0}^{y}\frac{|\tilde{H}(z)-H(z)|}{\sqrt{y-z}}dz$
. Gronwa11 ([7][ 26] ) $\tilde{H}(z)-H(z)=0$
.
, (3.6) $\{H_{n}(y)\}$ . , $H_{n}(y)$ (3.6)
$0\leq y\leq$ , , $y\geq y_{n}$ $H_{n}(y)=0$ .
$H_{1}(y)$
$H_{1}(y)=\sqrt{1-\frac{2}{\pi}\sqrt{y}}$ , $0 \leq y\leq y_{1}:=\frac{\pi^{2}}{4}$ , $H_{1}(y)=0$ , $y\geq y_{1}$
. $H_{1}(y)\leq H_{0}(y)$ . , $H_{n}(y)\leq H_{n-1}(y)$
$H_{n+1}(y)^{2}-H_{n}(y)^{2}= \frac{1}{\pi}\int_{0}^{y}\frac{H_{n}(z)-H_{n-1}(z)}{\sqrt{y-z}}dz\leq 0$, $0\leq y\leq y_{n}$
$H_{n+1}(y)\leq H_{n}(y)$ . $y_{n}+i\leq y_{n}$ . , $\{y_{n}\}$
$y\geq 0$ $\{H_{n}(y)\}$ $n$ . , (3.6)
1 ( ) $H_{n}(y)^{2}\geq 1-\underline{4}\sqrt{y}(0\leq y\leq\underline{\pi^{2}})$
$\pi$ 16. , $H_{L}(y)$
$H_{L}(y)=\sqrt{1-\frac{4}{\pi}\sqrt{y}}$, $0 \leq y\leq y_{L}:=\frac{\pi^{2}}{16}$ , $H_{L}(y)=0$ , $y\geq y_{L}$
, $n$ $H_{n}(y)\geq H_{L}(y)$ $y_{n}\geq y_{L}$ . ,
$\{y_{n}\}$ $\{H_{n}(y)\}$ , ,
$\{H_{n}(y)\}$ $H(y):= \lim_{narrow\infty}H_{n}(x)$ . $y_{*}:= \lim_{narrow\infty}y_{n}(x)$ $H(y)$





$H_{n+1}^{f}(y)<0$ . , ,
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$H_{n}(x)$ $(0, y_{*})$ $H_{n}’(x)<0$ . , $0<y<y_{*}$ (3.7)
$n+1$ $n$ $H(y)\leq H_{n}(y)$
$H(y)(H_{n+1}’(y)-H_{n}’(y))\leq H_{n+1}(y)H_{n+1}’(y)-H_{n}(y)H_{n}’(y)$
$= \frac{1}{2\pi}\int_{0}^{y}\frac{H_{n}’(z)-H_{n-1}’(z)}{\sqrt{y-z}}dz$
, $H_{n}’(y)$ $[0, y_{*}]\ovalbox{\tt\small REJECT}$ .
, $H(y)$ $(0, y_{*})$ . , (3.5) (3.7)




$a_{0}=1$ , $a_{1}=- \frac{1}{\pi}$ , $a_{n}=- \frac{1}{2}\sum_{i=1}^{n-1}a_{i}a_{n-i}+\frac{1}{2\pi}B(\frac{1}{2},$ $\frac{n+1}{2})a_{n-1}$ , $n\geq 2$
. , $n\geq 1$ $a_{n}<0$ .
$a_{n}$
$\sqrt{1-\frac{4}{\pi}\sqrt{y}}=\sum_{n=0}^{\infty}b_{n}y^{\frac{n}{2}}$ , $b_{0}=1$ , $b_{1}=- \frac{2}{\pi}$ , $b_{n}:=-( \frac{2}{\pi})^{n}\frac{(2n-1)!!}{n!}$ , $n\geq 2$
$b_{n}$ , $n\geq 1$ $2|a_{n}|\leq|b_{n}|$ . $2|a_{i}|\leq|b_{i}|$
$i=1,2,$ $\cdots,$ $n-1$ $A$ , $n\geq 2$ $\sum_{i=1}^{n-1}b_{i}b_{n-i}=-2b_{n}$







$\sum_{k=0}^{n}a_{k}y^{\frac{k}{2}}$ ( ) (3.8) $H(y)$ . , $\{a_{n}\}$




, $G(y)$ . , $f$ $B$ $h=1$
, .
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